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The purpose of the paper is an alternative way of obtaining of the fundamental limits in the elementary theory 
of limits. The approach uses two double inequalities. The method is applied to the both limits simultaneously, 
that makes the theory universal. Proof of the limits is quite new and original. Apart from that our theory gives 
many new representations of the limits (total 37). 
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B padote TIpe WIOH#K CH eMHBIM TOAXO, K (pyHaMeHTasIBHBIM TipewqewaM B TeOpHH MNpeesloB. Tlozxoy 
OCHOBaH Ha UHCIIOJIBSOBAaHNN JIBOMHBIX HepaBeHcTB HU NpeWesIbBHOM Wepexoye B HX. Mertoy TIPHMCHUM K 
o000uM (pyHaMeHTasIbHBIM TipeqesaM OJHOBpCMCHHO, 4YTO 3HAUHTCJIBHO YUpomlaerT OOMLenpHHATEIe TlO]]- 
XOJIbI. Jloxa3aTesbcTBa o0oux TIpeAesOB WaHO B OXHOM CTHJIe HW HOCHT OpHruHasIbHBI XapakTep. Kpome 
TOLO, MOJTYACHbI HOBBIC CIICACTBUA U3 (pyHaMeHTAaJIBHBIX TIpeeJIOB. 

Kur0uesble C10Ba: MeTOANKa, TeopHA IpezenoB, (PyHAaMeHTaJIbHble Mpeeybl, HepaBeHCTBO, 
(PYHKUHA, CHHYC, ruiepOomM4ecKHH CHHYCc, JBOMHOe HepaBeHCTBO. 


Meroto crarTi € MTXi, AKHii 3abesneuye EAMHHH crociO OTpHMaHHA (pyHAaMeHTaIbHux TpaHlb y Teopii rpaHyip. 
Tliqxig 3acHoBaHHii Ha BUKOPHCTaHHi HepiBHoOcTel 1 rpaHwuHoMy Mepexogi B Hux. Iliqxiq AocTaTHbo MpocTHit y 
BHKOpHcTaHHi. € yuna CHcTeMa HepiBHocTeli 3a6e3leuye OFHOUACHe OTPHMaHHA (POpMyI Mepuioro Ta Apyroro 
TpaHHb 1, WpakTHYHO, BCiX HAaCIIAKIB 3 HX. BIBL Toro, TeOpiA IPH3BOLMTb JO BEIMKO! KUIBKOCTI HOBHX Hac KIB. 
Ksr040Bi c10Ba: MeTOAHKa, Teopia TpPaHHUb, PYHAAMeHTAIbHi rpaHull, PYHKUiA, CHHYC, 
rinlepOoui4HH CHHYC, HepiBHICTb, rTpaHH4HHit Mepexig. 


Introduction 


The fundamental limits in mathematical analysis are known as the first and second 
fundamental (”wonderful’”) limits. They are used mainly for the determination of derivati- 
ves of the elementary functions such as sin x,cosx,e*,a* and so on [1], [2]. The fundamen- 
tal limits (we shall call simply limits) are used practically in all branches of mathematics, 
also for a calculation of the entire class of limits. 
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Each of the limits is proved by two different ways. The first limit is based on a limit 
procedure in the trigonometric circle. Newton’s binomial is used for the second limit. Each 
of the approaches is effective and attractive. Nevertheless these approaches are not 
universal [1], [2]. 

However there are universal methods for the limits. For example, the first and second 
limits can be connected one with another by Euler’s formula [3]. 

The next universal proof method is based on the so-called undetermined coefficient 
method which allows finding limits by the standard expansion of the functions sin x and e* [4]. 

At last there are approaches that look alike as the method in this paper. They are also 
based on inequalities and application limits to them. Such methods have some 
disadvantages and there is some difficulty in the proof of the inequalities. This is the main 
serious disadvantage of such approaches [6]. 

The inequalities must be proved by elementary mathematical methods. Other words, 
the proof must be performed without using of a derivative concept. 

We found a simple method to prove such limits. For this we used a deep analogy 
between the trigonometric and hyperbolic functions from one side and the classical proof 
method of the first limit from another side. Such way has occurred effective and helpful. 


1 An auxiliary theorem of the method 


The theorem that we shall use in our theory is well-known theorem about a function 
F(x) which is placed between two given functions f(x) and f,(x) [4]. 


Theorem. If the function f(x) satisfies in a vicinity of the point x, to the inequalities 


fix) S$ f(x) Ss fh) (1) 
and lim f(x)= lim f,(x) =a then the limit lim f(x) exists and it is equal toa. 


It is clear also, ifthe function f(x) is continuous at x=x, thena= f(x,). 


The inequalities (1) have a very important property of symmetry if all functions of 
the inequalities are odd. If to replace in the inequalities x by —x 


—fi@) $-f@)S-f£,@) => f@) 2 f@)2 AO). 


The sings of the inequalities (1) have changed. 
If the functions are even 


Ai@CYSf-YDS A.-9) > AOS FCO)S AGO) , 


The sings of the inequalities (1) does not change. 
We shall use the theorem for a proof of the limits in the next item. 


2 Inequalities for the fundamental limits 


It is well-known the inequalities for the first fundamental limit follow from the 
trigonometric circle (Fig. 1) 


sinx <x<tanx. (2) 


The inequalities are obvious for big values of x>0 (Fig.2). It follows from a 
behavior of the graphs of the functions (2) at big values of x. This fact will be used later 
for a proof the inequalities for any values of x, including small values of x. 
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The proof will be done by the controversy method. 


B 


A Be 


. Bc = tanx 


Figure 1 — The geometrical proof of the inequalities sin x < x < tan x. 


The first inequality sin x <x will be proved if the equation sin x =x has the unique 
solution x, =0. This follows directly from the figure (Fig. 2). Assume that there is a root 


x, #0 of the equation sin x =x. Execute some elementary transformations to confirm our 
assumption. 


See sie ee 
sin x = x > 2sin—cos— =x > sin—cos— =~: 
2 2 2 2 82 
a ee 
We assumed that the equation sin po = has a non-zero root x,. Therefore we 
may to account the equality sin>2 = 2 in the last equation. In the result we get the 
2 2 


‘ xX ; ‘ ‘ ‘ 
equation ag =1.Fromhere x, =0 is an unique root of the equationsin x =x. 


i Y y=sinhx 


0 1 0 1 


Figure 2 — The trigonometric and hyperbolic functions demonstrate the inequalities 
sinx<x<tanx and tanhx<x<sinhx 


The second inequality x <tanx is proved as well as the previous inequality. In that 
case again we assume that there is a root x, #0 but now of the equation x =tanx, 


ae x xX 
oa 2sin — cos — Z tan — 1 

x=tanx>x=—D>x= 2 2255 2 >1= . 

BOSN cos’ ——sin? = 1—tan? — 1—tan? — 

2 2 2 2 


The last equation is satisfied with only the root x =0. 
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The inequality (2) has proved complitly. 

The first limit follows from the inequalities (w2) and the theorem. For this the 
inequality (2) has to be divided by sin x > 0 and limited at x > +0. 
sin x 


: sin x 57 1 sinx : . Sinx ; 
sinx <x <—— >1<—— <—— > cosx <—— <1> limcosx < lim —— <1> lim 
COSX sinx COSx x x40 x10 X x90 X 


The method works for the hyperbolic functions. As a result we shall get one of a form of 
the second limit. For this consider inequalities like to the inequalities (2) (Fig. 2) 


=1. 


tanh x <x <sinh x. (3) 
Repeat the method as well as in the case of the first limit. Now use the formulas 


sinh x = 2sinh 5 cosh , coshx = cosh’ 5 + sinh? 5 . For example, 


sinh x = x => 2sinh ~ cosh~ =x => sinh ~cosh~ =~ => cosh>=1=> x=0. 
2 2 2 2D: 9, 


The inequality (3) divide by sinhx>0, account also tanhx=sinhx/coshx. We 
have 


1 eam <|—)< sinh 


<— <coshx. 
coshx sinhx x 


Taking into account also that lim coshx =1, we have in the limit at x 50, 
x> 


. sinhx 
lim ——— = 


x>0 x 


1. (4) 


This is one of the representations of the second fundamental limit. 

The formulas (2) and (4) were received at x + +0, but they are written for arbitrary 
x—>0. It is cleared they do not change at x—»-0. In that case all functions in the 
inequalities (2) and (3) are odd, therefore for negative x we have 

tanh(—x) < —x < sinh(—x) > —tanhx <—x <—sinh x >sinhx<x<tanhx. 
Now show how to come from the form (4) to the standard form of the second limit. 


Let us rewrite the limit (r4) according to the definition of the function sinh x = od a 
: : ee me ee oa | *_] 
l ae 242i = ~1= lim —lim © =1>1 sf =]. 
x0 2x x0 e 2x x0 e x70 2x x70 x 


The last limit is known well [1-3]. It represents one of the corollaries from the 
second limit. Other forms of the second limit follow from this and they are described in 
many handbooks. 

The corollaries of the fist fundamental limit are well-known and they are described in 
literature. We restrict ourselves only new corollaries (Tab. 1). 
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Table 1 — The corollaries from the first and second fundamental limits. 


First standard limit Jim eee 1 Second standard limit lim sinh x =] 
x0 x x0 x 
Replacement or changing of Result Replacement or changing of the Result 
the variable variable 
x =arcsin . arcsinx x =asinh ._asinh x 
¥ lim ———— =1 ™ lim = 
x0 x x0 x 
sinx .. . tanx sinhx .. . tanhx 
tan x = »limcosx =1 lim =] tanh x = » lim cosh x =1 lim ——— = 1 
cosx 0 x90 x cosh x +0 For 1X 
x = arctan y . arctan x x =atanh y . atanhx 
lim ———— =] lim ———— = 
x>0 x x0 x 
Results 


1. It is developed a new effective method of the proof of the first and second 


fundamental limits in the classical limit theory. 


2. The approach generalizes usual theory of the fundamental limits and from our 


point of view the theory is more universal. 


3. The approach is generalized that leads to many equivalent forms of the limits 


(from the first limit we have got 3 corollaries, from the second limits 34). The most of 
them are new. 


4. The proposed method essentially improves the classical limit theory. 
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RESUME 
L.P. Mironenko 
A New Approach to the Fundamental Limitsin the Theory of Limits 


Background: there is a deep analogy between the trigonometric and hyperbolic functions. 
The fist fundamental limit is connected with trigonometry. It should expect an universal 
method of a proof of the both fundamental limits. We found such way by using the method 
of the proof from a controversy. 

Materials and methods: it is used so-called the method of a proof from a controversy. 
Besides in the paper we apply usual properties of limits such as taking a limit in 
inequalities, some methods of elementary mathematics. 

Results: it is developed a new effective method of a proof of the first and second 
fundamental limits in the classical limit theory. The approach generalizes usual theory. 
From our point of view the theory is more simple and effective. The approach is more 
general then existing that we have got many equivalent forms of the limits (from the first 
limit 3 corollaries, from the second limits 34). The most of them are new. The proposed 
method essentially improves the classical fundamental limit theory. 

Conclusion: it is found more effective method of a proof of two fundamental limits in the 
theory of limits. The method is universal and very simple. The result can be used by 
professors for students for a studying of the limit theory in colleges and universities. 


The paper is received by the edititorial 05.04.2014. 
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